Using four-dimensional quantum electrodynamics in a two-torus as an example we show that the mode expansion of the renormalized theory is not equivalent to the renormalization of the mode expansion.
We have recently studied [1] the renormalization of six-dimensional quantum electrodynamics (QED 6 ) compactified in a two-torus of radius R = 1 M . Our main result was that the mode expansion of the renormalized QED 6 is not equivalent to the renormalization of the mode expansion: the (properly renormalized) four-dimensional theory never forgets its extra-dimensional origin.
This calculation was done from two different viewpoints, namely dimensional renormalization and (proper time) cutoff. The fact that the six-dimensional charge, which plays the role of the coupling constant has mass dimension −1 implies that the six-dimensional renormalization procedure is necessarily a low energy approximation, because there is no set of operators closed under renormalization. This means that the counterterms always include operators that were not present in the original lagrangian.
The aim of the present note is to repeat this exercise in a situation that, although probably much less interesting from the physical point of view, is much better defined as a quantum theory, namely QED 4 on a two-torus. The reduced theory is a two-dimensional one, where all divergences are more or less trivial (essentially normal ordering). It is nevertheless possible to analyze it with the very same general techniques. Please refer to our previous paper [1] for our conventions.
The four-dimensional viewpoint
Let us then consider QED 4 on a manifold
where the abelian covariant derivative is simply:
The theory is renormalizable. In dimensional renormalization the counterterm is the fourth coefficient in the small-time heat kernel expansion:
In the cutoff theory, this is precisely the coefficient of the logaritrhmic divergence, but there is a quadratic divergence as well:
where
3 The two-dimensional viewpoint
In order to dimensionaly reduce the theory we consider the matrices (a = 1, 2)
In that way, four-dimensional spinors split in two two-dimensional ones:
It is a simple matter to perform the integrals over the angular variables and obtain the gauge fixed action (still exact) in the two-dimensional form:
The two-dimensional coupling constant is
In two dimensions, gauge fields are dimensionless and so are scalar fields. Fermionic fields enjoy mass dimension 1/2. We hope that there would arise no confusion for the use of the same symbol e for both coupling constants. The zero mode of this action is
where we have represented the zero modes of all fields by the same letter without any subindex:
If we define the theory by dimensional renormalization, the counterterm associated to the above action is
If instead we consider the whole tower the corresponding counterterm is given in terms of the complex mass parameter:
Here we have a sum of contributions from all higher modes. This is a divergent sum which needs regularization. In the expression for the tadpole, for example, we are forced to compute the sum
This can be regularized, for example, ( 
so that, for example,
Actually this is a unavoidable consequence of any definition in which the first of Hardy's properties of the sum of a divergent series is satisfied, namely, if a n = S then λa n = λS (cf. [3] , and the discussion in [2] )
It has to be acknowledged that the need to use two different zeta functions greatly diminishes the attractiveness of this whole procedure of resummation.
Ay any rate, in order to eliminate the tadpole, one would have in its case to shift the field:φ
This shift would in turn affect the fermionic masses through the Yukawa couplings and convey another contribution to the fermion mass renormalization.
When either theory is defined through a proper time cutoff, the counterterm is given precisely by
4 The limitations of the two-dimensional approach.
Let us first concentrate upon dimensional renormalization. The mode expansion of the four-dimensional counterterm (3) is:
Which has a zero mode
In that case, it is plain that there are many differences between the detailed forms of the mode expansion of the renormalized four dimensional theory and the renormalization of the two-dimensional mode expansion of the bare four-dimensional theory.
In the cutoff theory we could be tempted to identify
If one is willing to do this, there are two things that happen. First of all, one never recovers the two dimensional correction to the mass of the scalar field,
The reason is exactly the same as it was when reducing from six to four dimensions in our previous paper, namely, the spontaneously nature of the breaking of Lorentz symmetry of the mother theory:
It is true that this correction vanishes when one considers the full tower and one is willing to regularize the sum using the zeta funcion approach. As we have pointed out, there is an implicit renormalization of the scalar mass involved in this regularization. It is nevertheless true that one can regularize the sum in such a way as to get essentially the same result for the dominant (logarithmic) divergence in both the mother and the daughter theories..
The second thing that happens, and this seems unavoidable, is that there are log log Λ 2 divergences coming from the a 4 four-dimensional counterterm, suppressed by appropiate powers of the Kaluza-Klein scale.
To conclude, even in this example, the two-dimensional theory never forgets its mother.
This exercise fully supports the general conclusions of our previous paper [1] .
